The extended coherent state model is further extended in order to describe two dipole bands of different parities. The formalism provides a consistent description of eight rotational bands. A unified description for spherical, transitional and deformed nuclei is possible. Projecting out the angular momentum and parity from a sole state, the K π = 1 + band acquires a magnetic character, while the electric properties prevail for the other band. Signatures for a static octupole deformation in some states of the dipole bands are pointed out. Some properties which distinguish between the dipole band states and states of the same parity but belonging to other bands are mentioned. Interesting features concerning the decay properties of the two bands are found. 
I. INTRODUCTION
The field of negative parity bands became very attractive when the first suggestions for a static octupole deformation were advanced by Chassman [1] , and Moler and Nix [2] . Since a nuclear shape with octupole deformation does not exhibit a space reflection symmetry and, on the other hand, a spontaneously broken symmetry leads to a new nuclear phase, one expects that the octupole deformed nuclei have specific properties. The main achievements of this field have been reviewed in Refs. [3, 4, 5] .
Identifying the nuclei which have static octupole deformation seems to be a difficult task. Indeed, because there is no measurable quantity for the octupole deformation, some indirect information about this variable should be found. Several properties are considered as signatures for octupole deformation: a) In some nuclei like 218 Ra, the state 1 − , the head of the K π = 0 − band, has a very low position, and this is an indication that the potential energy has a flat minimum, as a function of the octupole deformation. b) The parity alternating structure in ground and the lowest 0 − bands suggests that the two bands may be viewed as being projected from a sole deformed intrinsic state, exhibiting both quadrupole and octupole deformations. c) A nuclear surface with quadrupole and octupole deformations might have the centre of charge in a different position than the centre of mass, which results in having an electric dipole moment which may excite the state 1 − from the ground state, with a large probability. The list is not complete and thereby any new signature for this new nuclear phase deserves a special attention.
Few years ago we considered this subject within a phenomenological framework. Thus, in Refs. [6, 7, 8, 9 , 10] we extended the coherent state model (CSM) [11, 14] to the negative parity bands. To the lowest positive parity bands, named ground (g + ), beta (β + ) and gamma (γ + ), one associates three negative bands, g − , β − , γ − , respectively. The six bands are obtained by projecting out the angular momentum and the parity from three orthogonal functions which exhibit both quadrupole and octupole deformations. An effective boson Hamiltonian is considered in the space of angular momentum and parity projected states. The phenomenological boson model called Extended Coherent State Model (ECSM), has been successfully applied to a large number of nuclei, some of them being suspected to exhibit a static octupole deformation while some of them having vibrational octupole bands. Some signatures for a static octupole deformation in the excited bands have been pointed out.
In the present paper we extend even more the coherent state model by adding a new pair of parity partner bands. These are characterised by K π = 1 + and K π = 1 − . Also two new terms are added to the model Hamiltonian without altering its effective character, whose strength are fixed by fitting some particular data for the new bands.
The new extension is presented according to the following plan. In Section II, a brief description of the CSM and ECSM is given. The scope consists in having a self-standing work and on the other hand in collecting the necessary definitions and notations. In section III, the ingredients of the new extension are presented in extenso, i.e. the properties of the states which enlarge the model boson space as well as the corrective terms of the model Hamiltonian and their matrix elements are analytically given. In Section IV, we discuss the numerical application for seven nuclei. Since for 172 Yb and 226 Ra, some results were reported in two earlier publications, here we consider only the new results. A summary of the results and the final conclusions are presented in Section V.
II. BRIEF REVIEW OF THE COHERENT STATE MODEL AND ITS EXTENDED VERSION
A. The coherent state model (CSM) In the beginning of eighties, one of the present authors (A. A. R) proposed, in collaboration, a phenomenological model to describe the main properties of the first three collective bands i.e., ground, beta and gamma bands [11, 14] . The model space was generated through a projection procedure from three orthogonal deformed states. The choice was made so that several criteria required by the existent data are fulfilled. The states are built up with quadrupole bosons and therefore we are dealing with those properties which are determined by the collective motion of the quadrupole degrees of freedom.
We suppose that the intrinsic ground state is described by a coherent state of Glauber type corresponding to the zeroth component of the quadrupole boson operator b 2µ . The other two generating functions are the simplest polynomial excitations of the intrinsic ground state, chosen in such a way that the orthogonality condition is satisfied before and after projection. To each intrinsic state one associates an infinite rotational band. In two of these bands the spin sequence is 0 + , 2 + , 4 + , 6 + , .. etc., and therefore they correspond to the ground (the lowest one) and to the beta bands, respectively. The third one involves all angular momenta larger or equal to 2, and is describing, in the first order of approximation, the gamma band. The intrinsic states depend on a real parameter d which simulates the nuclear deformation. In the spherical limit, i.e. d goes to zero, the projected states are multi-phonon states of highest, second and third highest seniority, respectively. In the large deformation regime, conventionally called rotational limit (d equal to 3 means already a rotational limit), the model states behave like a Wigner function, which fully agrees the behaviour prescribed by the liquid drop model. The correspondence between the states in the spherical and rotational limits is achieved by a smooth variation of the deformation parameter. This correspondence agrees perfectly with the semi-empirical rule of Sheline [12] and Sakai [13] , concerning the linkage of the ground, beta and gamma band states and the member of multi-phonon states from the vibrational limit. This property is very important when one wants to describe the gross features of the reduced probabilities for the intra and inter bands transitions.
In this restricted collective model space an effective boson Hamiltonian is constructed. A very simple Hamiltonian was found, which has only one off-diagonal matrix element, namely that one connecting the states from the ground and the gamma bands. 
where the standard notations for the Wigner function and the rotation operator corresponding to the Eulerian angles Ω, have been used. The eigenvalues of the effective Hamiltonian in the restricted space of projected states have been analytically studied in both spherical and rotational limit. Compact formulae for transition probabilities in the two extreme limits have been also derived. This model has been successfully applied for a large number of nuclei from transitional and well deformed regions. It is worth to mention that by varying the deformation parameter and the parameters defining the effective Hamiltonian one can realistically describe nuclei satisfying various symmetries like, SU(5) (Sm region) [15] , O(6) (Pt region) [11, 14] , SU3 (Th region) [16] , triaxial rotor (Ba, Xe isotopes) [17] . This model has been extended by including the coupling to the individual degrees of freedom [18] . In this way the spectroscopic properties in the region of back-bending were quantitatively described.
The extension of the CSM formalism, which will be presented here, considers a composite system of quadrupole and octupole bosons.
B. The extended coherent state model (ECSM)
The CSM formalism was generalised by assuming that the intrinsic ground state exhibits not only a quadrupole deformation but also an octupole one. Since the other bands, beta and gamma, are excited from the ground state, they also have this property. The octupole deformation is described by means of an axially symmetric coherent state for the octupole bosons b † 30 . Thus, the intrinsic states for ground, beta and gamma bands are:
The notation |0 (k) stands for the vacuum state of the 2 k -pole boson operators. Note that any of these states is a mixture of positive and negative parity states. Therefore they don't have good reflection symmetry. Due to this feature the new extension of the CSM formalism has to project out not only the angular momentum but also the parity. The parity projection affects only the factor function depending on octupole bosons. Useful simplifications are achieved when this factor function is separately treated. The parity projected states are defined by:
where P (k) denotes the parity projection operator which is defined by its property that acting on a state consisting of a series of boson operators acting on the octupole vacuum, it selects only components with even powers in bosons if k = + and odd components for k = −. From the parity projected states one projects out, further, the components with good angular momentum:
The factor N (k) oc;J3 assures that the projected state has the norm equal to unity. Its expression is given in Appendix A. Then, the intrinsic states of good parity are defined by:
The member states of ground beta and gamma bands are projected from the corresponding intrinsic states:
It can be shown that these projected states can be expressed by means of the octupole factor projected states and the projected states characterising the CSM formalism.
13)
The normalisation factor has the expression:
An effective boson Hamiltonian has been studied in the restricted collective space generated by the six sets of projected states. Note that from each of the three intrinsic states, one generates by projection two sets of states, one of positive and one of negative parity. When the octupole deformation goes to zero, the resulting states are just those characterising the CSM model. In this limit we know already the effective quadrupole boson Hamiltonian. When the quadrupole deformation is going to zero the system exhibits vibrations around an octupole deformed equilibrium shape. We consider for the octupole Hamiltonian an harmonic structure since the non-harmonic octupole terms can be simulated by the quadrupole anharmonicities. As for the coupling between quadrupole and octupole bosons, we suppose that this can be described by a product between the octupole boson number operator,N 3 , and the quadrupole boson anharmonic terms which are involved in the CSM Hamiltonian. Indeed, it has been proved that including octupole anharmonicities in the coupling terms these terms provide an angular moment dependence for the corresponding matrix elements similar to the one already generated by the terms involving only the operatorN 3 in the coupling with the quadrupole bosons. Also, the scalar product of the angular momenta carried by the quadrupole ( J 2 ) and octupole bosons ( J 3 ), respectively, and the total angular momentum squared ( J 2 ), are included. Thus, the model Hamiltonian has the expression:
Detail arguments in favour of this choice are presented in our previous publication on this subject. This Hamiltonian was used in Refs. [6, 7, 8] to study the ground and K π = 0 − bands. As was shown in the quoted papers, the coupling term J 2 J 3 is necessary in order to explain the low position of the state 1 − in the even-even Ra isotopes. Indeed, this term is attractive in the state 1 − while for other angular momenta is repulsive. Due to the specific structure of the CSM basis states the only non-vanishing off-diagonal matrix elements are those connecting the states of the ground and gamma and of the 0 − and 2 − bands. The energies of the six bands are defined as eigenvalues of the model Hamiltonian in the model space of the projected states. They depend on the structure coefficients A k ,(k=1,2,J,(J23)) and B k ,(k=1,3) defining the model Hamiltonian and the two deformation parameters, d and f. Therefore there are eight parameters which are to be determined, by fitting the data for excitation energies with the theoretical energies normalised to the ground state energy. For the considered isotopes, the structure coefficients obtained in this manner have a smooth behaviour when we change A or Z.
The connection between the present description and the rotational bands, as defined in the liquid drop model, was established in Refs. [14] .
Indeed, as shown in Ref. ([14] ) the projected states are linear superposition of states with definite K-quantum number. Moreover, in the asymptotic limit of the deformation parameter a single K prevails for each set of projected states, associated to the intrinsic unprojected states respectively. Assigning to each band that K which labels the dominant component of the superposition quoted above, one may assert that the projected states given by Eq.(2.13) comprises two
Note that the K quantum number is equal to the eigenvalue of J z , corresponding to the unprojected states Ψ k with k = g, β, γ. Thus, the symmetry breaking in the wave functions given by Eq.(2.8) is equivalent to choosing an auxiliary intrinsic frame of reference.
The bands associated to these quantum numbers are conventionally denoted by g
III. THE DIPOLE BANDS
Extending further the ECSM formalism, by adding some new bands with keeping the basic principles of CSM unaltered, is a difficult task. Indeed, first one has to find an intrinsic state which is orthogonal onto other three states defined so far. Moreover, the orthogonality property has to be preserved also after projecting the angular momentum and parity. Suppose that this step has been already overcome. The next step is then, to extend the model Hamiltonian by adding new terms which are mainly responsible for the description of the new states. The new Hamiltonian should be effective in the extended space of projected states, i.e. the off diagonal matrix elements are either equal to zero or very small comparing them with the diagonal ones.
In the present paper, we propose the following solution for the intrinsic state generating, through the angular momentum and parity projection, the member states of the dipole bands:
The states Ψ (1,+) and Ψ (1,−) are orthogonal since their scalar product involves the overlap of components with different number of bosons. Moreover, since Ψ ± oc are vacuum states for the operator Ω 3 , the intrinsic states for the dipole bands are orthogonal onto the intrinsic states associated with the bands g ± , β ± , γ ± . From these states one obtains two sets of angular momentum projected states:
with the projection operator defined by Eq. (2.7). The dipole projected state can be written in a tensorial form:
where the octupole factor state is defined by:
The norm factors N
31;J are analytically given in Appendix A. It is worth to mention an useful property of the projected state defined above. Taking into account the expression of J 3 in terms of octupole bosons:
one finds:
where
Commuting the angular momentum and the rotation operators, one arrives at the following expression for the octupole projected state:
Denoting the K π = 0 ± projected state by:
the equation (3.8) leads to:
Since the two projected states involved in the two sides of the above equation respectively, are both normalised to unity we have: Invoking the results obtained for the quantum number K, one can prove that the dipole projected states are K π = 1 ± states, respectively. For a given J the projected states of positive and negative parity are obviously orthogonal onto each other. Moreover, they are orthogonal on the states of similar angular momentum describing the member states of the six bands which were previously defined. The dipole projected states are weakly coupled to the states of other bands by the B 1 and B 3 terms of H (2.15). Moreover, these terms give large contribution to the diagonal matrix elements involving the projected dipole states. Aiming at describing quantitatively the properties of the dipole states two terms are added to the model Hamiltonian.
(3.12)
The new terms affect only the diagonal matrix elements of the dipole states.Their strengths are fixed as follows: C 2 is determined such that the corresponding contribution to the particular state energy, in the negative dipole band, cancels the one coming from the B 1 term. C 1 is fixed such that the measured excitation energy of the state 1 − is reproduced. With the new parameters determined in this way, the effect of the off diagonal matrix elements corresponding the B 1 and B 3 terms, on the energies in the two dipole bands amounts of a few keV. Due to this feature the energies of the two dipole bands are obtained as the corresponding average values of the model Hamiltonian, H + ∆H.
IV. NUMERICAL RESULTS

A. Parameter description
The formalism presented in the previous section has been numerically applied for seven nuclei:
158 Gd, [9, 10, 14] where, excepting the new strengths C 1 and C 2 , all parameters have been fixed through the least square procedure.
These new parameters have been fixed as explained in the previous section. Since the dipole states energies are sensitive to changing B 1 and B 3 , we change slightly the known values of these parameters in order to improve the agreement in the negative dipole band. However, changing the values of B 1 and B 3 affects some of calculated energies in the other six bands. Such corrections are washed out by a small change of one of the parameters A J , A J23 . We have checked for few cases that the results obtained in this way are similar to those provided by a least square procedure applied for all eight bands. The final results for the model parameters are listed in Table I .
B. Dipole bands energies
As we have already suggested before, the calculated energies for g ± , β ± , γ ± are practically the same as in Ref. [9, 10, 14] and therefore they are not given here. We stress on the fact that the volume of explained data with the mentioned parameters is quite large. For example, in the previously treated six bands of 232 Th, about 55 excitation energies are known. Also, with the fixed deformation parameters, several experimental data concerning the transition reduced probabilities are realistically described. It is interesting to mention that these parameters have specific dependence on A and Z which means that applying the formalism to new cases, the strength parameters can be considered as fully determined from the previous analysis. As shown in Figs. 1 and 2, the new parameters C 1 and C 2 exhibit also a smooth dependence on the variable A − 0.5(N − Z). Adding the third isospin component to A we avoided the situation when for the isotopes of the same A one obtains different values of the considered parameters, which results in having a ill-defined function. The calculated energies for the dipole bands are collected in Tables II-V. Only the states with angular momentum not larger than 20 are listed. Note that except for 172 Yb, only few data are known for these bands. From the energy analysis, several common features can be seen. We note that in both K π = 1 − and K π = 1 + bands a doublet structure shows up. For us it is not clear whether this doublet structure is an indication of two bands of odd and even spins respectively. This suspicion is somehow confirmed in 228 Th and 226 Ra, where in the low part of the spectrum the doublet members have not a natural energy ordering.
The excitation energies were further used to represent, in Figs. 3-7, the dynamic moment of inertia as function of angular frequency defined as:
The common feature of the moments of inertia is the zigzag structure in both, the negative and positive parity bands. For the 1 + band, the moments of inertia of odd and even spins are lying on smooth curves, respectively. The curve for the odd spins lies above that of even spins. The same is true also for the negative dipole band with the difference that the curve corresponding to the even angular momenta is higher than that for odd values of angular momentum. Due to the relative position of the four curves comprising the moments of inertia of even and odd spin states of positive and negative parity respectively, for some nuclei ( have moments of inertia lying on similar curves, respectively. This interleaved structure might be a signature for an octupole deformation in these states. In order get a confirmation for such an expectation we plotted in the low panels of the above quoted figures the first and second order energy displacement functions defined as:
If the parity partner bands have similar J(J+1) pattern in a certain range of angular momentum, then the function δE is vanishing for I belonging to the mentioned range. The reverse statement, if valid, asserts that for the angular momenta where the first order displacement function vanishes, the partner bands have identical moments of inertia which further infer that the two bands can be viewed as being associated to a sole intrinsic state. However, the J dependence of the excitation energies for the considered nuclei deviates from the J(J+1) law. If the energies can be described by a second order polynomial in J(J + 1) and moreover, the partner bands are characterised by the same strength for the [J(J + 1)] 2 term, the second order energy displacement function is vanishing. Reversely, if ∆E 1,γ is vanishing, this is a sign that the two partner bands have similar [J(J + 1)] 2 pattern. Concerning the second order energy displacement function, one should mention that there are two distinct functions of angular momentum differing by the set of states involved. In one function the lowest state is 1 + (the black squares) while for the other function the state 1 − is the lowest in energy. The parity assignment for the states involved in ∆E is conventionally taken as follows. The states whose angular momenta differ by two units have the same parity while those which differ by unity are of different parities. Inspecting Figs. 6, 7 from the present paper and 3 of Refs.( [20, 21] ) we remark that for 172 Yb, 238 U, and 238 Pu the second order energy displacements vanish for 2-3 consecutive values of angular momenta, while for 226 Ra this is zero or very close to zero for I ≥ 11. In the right upper corner of Figs. 3-7, we plotted the angle between the angular momenta carried by the quadrupole and octupole bosons , respectively in the dipole states of positive as well as of negative parity. Such angle is defined as:
Note that this angle is a decreasing function of angular momentum and that the angles for odd and even spin states of positive parity, respectively are lying on smooth curves. The same is true for the angles characterising the negative parity band. Moreover, for I ≤ 7 the curves for odd spin states of positive parity and for even spin states of negative parity are very close to each other. The same is valid for the curves of even spin and positive parity and odd spin states of negative parity. Similarly, one could calculate the angle between the two angular momenta in the other parity partner bands. Here we give the results for the bands 0 + and 0 − in Figs. 8 and 9. For these bands we didn't consider the admixture with the gamma band states of similar angular momenta, since the numerical results for the isotopes considered, the mixing amplitudes are small. For a better presentation we omitted the state 0 + where the angle is equal to π. The angles for the two bands exhibit minima which are achieved for different values of angular momenta. However, for 226 Ra and 238 U the two minima are almost equal to each other and are reached for close values of angular momenta. After reaching the minima the angles increase and approach the limit value of π 2 in both bands. In the remaining cases this limit is met first by the band 0 − and much later in the ground band. Let us comment on the states where the angular momenta determined by the quadrupole and octupole bosons respectively, are perpendicular on each other respectively. The system under such a state constitute a precursor of a chiral symmetry [43] . Indeed, we could imagine a system of nucleons moving around a phenomenological core described by the quadrupole-octupole boson Hamiltonian considered here. Suppose that the coupling of the particle and core subsystems is such that the angular momentum carried by particles, say j, is perpendicular to the plane ( J 2 , J 3 ). If the system energy corresponding to the situation when the set ( j, J 2 , J 3 ) form a right triad is degenerate with the energy corresponding to the situation when the three vectors define a left triad, one says that the system has a chiral symmetry. Of course, such a situation is an ideal picture and in practice one expects that the two energies are only approximatively degenerate. The symmetry breaking is expected to yield some properties which are specific for the new nuclear phase.
C. Electromagnetic transition probabilities
The E1 and M1 transitions are determined by the following transition operators:
The reduced matrix elements * ) [45] of interest for these operators are given analytically in Appendix C. Let us first discuss the magnetic properties of the dipole bands. Firstly, we calculated the gyromagnetic factors for the states of the two bands by considering only the lowest order boson terms in the expression of the M 1 transition operator. In Ref. [44] we derived an expression for the M1 transition operator by quantising its classical expression. The important result was that the gyromagnetic factors g 2 and g 3 were expressed in terms of the Hamiltonian structure coefficients.The values obtained for 238 U are:
These values have been adopted for all nuclei considered here. The results are presented in Tables VI and VII. We remark that the gyromagnetic factor of the state 2 − is very close to the phenomenologically adopted value for nuclei in the ground state, i.e. Z/A. This value is met in the positive parity band for the state 13 + . The gyromagnetic factor of even spin states of positive parity is constantly much larger than those of negative parity. By contrary, the odd spin states of positive and negative parity have close gyromagnetic factors. For J ≤ 5 the odd spin states of positive parity have gyromagnetic factors which are slightly larger than those characterising the odd spin states of negative parity. Starting with J = 7, the ordering of gyromagnetic factors of odd spin states in the two bands is changed.
The transition from the band 1 + to the ground band is caused by the anharmonic term of the transition operator, while the intraband transitions as well as the gyromagnetic factors have been calculated by using only the lowest order boson terms. The factors g 2 and g 3 have been taken as mentioned before. Therefore the branching ratios for the M1 transitions: for the isotope mentioned above the B(M 1) value increase from 0.45 for J=3 to 2.06 µ 2 N for J = 29. Except for the first transitions (2 + → 1 + ) all others B(M1) values are larger than the ones associated to negative parity band. Due to these facts we say that the band 1 + has a dominant magnetic character. It is worth noting that while the collective magnetic states of scissors nature are determined by the angular vibration, in a scissors fashion, of the symmetry axis of the proton and neutron systems, that angle being quite small, here the angle between J 2 and J 3 (which might be assimilated with the angle between the axis of the maximal moments of inertia of the quadrupole and octupole systems, respectively) is large. In this respect we could call the magnetic states from the band 1 + , shares like states. Comparing the values of R 11 ++ with those describing the M1 branching ratios for the transitions relating the bands 1 − and 0 − , one finds out that the former ones prevail. The dominant ratios for the transitions 1 − → 0 − are those corresponding to even values for the angular momentum. Now let us turn our attention to the electric transitions E1 and E3. In Tables X and XI we listed the calculated E1 branching ratios:
Concerning the ratio R 10 −+ , two situations have been considered, namely when the transition operator is harmonic and when the anharmonic term defined above has been included. In that case we need the ratio q anh /q h . This ratios are to be fixed so that a certain experimental data for the branching ratio is reproduced. Such experimental data are available for the cases of 172 Yb and 226 Ra and the determined values for the ratio of anharmonic and harmonic weights of the transition operator are equal to -1.722 and -1.4 respectively. The first value has been adopted also for 158 Gd while the second value was assigned for the ratio characterising the remaining nuclei considered here.
In Fig. 10 , the calculated branching ratios for the transitions of the negative dipole band to the ground band are compared with the corresponding data for the case of 172 Yb. One notices a good agreement between the two sets of data. In Fig. 10 we also compare the calculated and experimental branching ratios for the band 0 − . One sees that these ratios are slowly decreasing with J up to J=11 when a plateau is reached. By contrast, the branching for the dipole band is decreasing up to J = 5, has a small maximum at J = 7, a flat minimum at J=9 and then is increasing with J. Note that the dipole band has larger branchings than the band 0 − . One notes that while the two experimental ratios for the band 0 − are quite well described by those predicted by the Alaga rule, i.e. 2.0 and 1.33 respectively large deviations for Alaga rule are seen for the branching ratios characterising the dipole band with K π = 1 − . For example for J=1 and 3 the experimental ratios are about 6.5 and 2 respectively while the predictions of the Alaga rule are 0.5 and 0.75. Our results and Alaga rule predictions are at variance not only in the region of low spin but also for high spin states. Indeed, for J larger than nine, the Alaga rule predictions are close to 0.9 while in our case, starting with J=9 where the attained value is equal to about 2.5, our calculated ratios are increasing with J.
In Fig. 11 we compare three sets of data, namely the theoretical and experimental branching ratios characterising the band 0 − and the branching ratio associated to the negative parity dipole band, in 226 Ra. For a better representation, the dipole branching ratios have been divided by 5. Remarkable the fact that modulo the factor five, the calculated ratios for the two bands have similar behaviour as function of J. It is interesting to see how the matrix elements of the E1 transition operator depend on the angular momentum, for the bands with K π = 0 − and K π = 1 − . Comparison of the two sets of matrix elements is made in Fig.12 . Note that for J = odd, the matrix element is characterising the transition from the states J − to the state (J − 1) + while for J = even, this links the states J + and (J − 1) − . For both situations an anharmonic structure for the transition operator has been considered. The parameters involved in the T 1µ operator have the values: q anh /q h = −1.4 and q h = 10 −2 f m. We note that the matrix elements describing the transition of the dipole state J − , multiplied by a factor of 5 stays quite close to the similar matrix elements characterising the band 0 − . In Fig. 13 we study the intraband E2 transitions in the two dipole bands. The calculated B(E2) values are divided by the B(E2) value corresponding to the transition 2 †
Results were obtained with a harmonic quadrupole transition operator and by neglecting the admixture of gamma band states in the structure of the ground band states. For comparison, we plotted also the reduced transition probability in the ground band, with a similar normalisation. The intraband quadrupole transitions have similar dependence on angular momentum in the two dipole bands. Moreover, the B(E2) values for the transitions J − → (J − 2)
− with J even lie close to the curve corresponding to the ground band. The dipole bands may perform a E3 transition to the ground bands. To study the E3 properties of the dipole bands we have used an harmonic transition operator:
These transitions turns out to be weak. To have a flavour about the relative values of these transitions, comparing them to those from the band 0 − , we normalise each transition to the B(E3) value associated for the transition 3 Table XII we list the calculated values for the ratios:
(4.10)
V. CONCLUSIONS
In the previous sections we developed a formalism which appends the description of dipole bands to the extended coherent state model which results in obtaining a simultaneous and consistent model of eight rotational bands, four of Pu. Results given in the first and second columns are obtained with a harmonic structure for the transition operator, while those listed in the third column correspond to an anharmonic structure given by Eq. (4.4) with q anh /q h = −1.4. This value was obtained by fitting the experimental value corresponding to the state 1 − in 226 Ra.
positive and four of negative parity. Since for the seven nuclei considered, the results for three parity partner bands were already reported in some earlier publications here we focus on the description of the dipole bands. The present paper is the first which is devoted to the formalism description giving the analytical results describing the states and the matrix elements of the model Hamiltonian and transition operators. The eight rotational bands are obtained by projecting out the angular momentum and parity, from four intrinsic states which are quadrupole and octupole deformed functions and moreover orthogonal onto each other. By construction the four states have the property that the eight sets of projected states are all orthogonal. The model states depend on two real parameters which simulate the quadrupole and octupole deformation, respectively. In the spherical limit i.e., both deformations tend to zero, specific multiphonon states of definite angular momentum, seniority and number of bosons respectively, are obtained. In the large deformation regime the projected states have a definite value for the K quantum number. In the restricted space of projected states, an effective quadrupole-octupole boson Hamiltonian is considered. Indeed, for the model Hamiltonian the only nonvanishing matrix elements are those involving the states (J † g , J † γ ) with J = even and (J − g , J − γ ) with J = odd. The structure coefficients defining the model Hamiltonian as well as the deformation parameters have been fixed by fitting through the least square procedure the energies in the bands g ± , β ± , γ ± and the energy of the head state in the K π = 1 − band. Also, one parameter (C 2 has been determined so that the contribution of the B 3 term to a particular state (2 − ) is canceled. This condition seems to be sufficient to decrease the off diagonal matrix elements involving the dipole band states to negligible values. It is worth noting that dynamic moment of inertia of the odd and even angular momenta states are lying on separate smooth curves which could suggest that the two sets of states form distinct bands. This happens for both the positive and negative dipole bands. However, two pairs of these curves one for positive and one for negative subsets of states have an interleaved structure. These made us suspecting that an octupole static deformation shows up. In order to get a confirmation for this suspicion we calculated the first order and the second order energy displacement functions. Both functions vanish for similar angular momenta in 172 Yb, 226 Ra, 238 U and 238 Pu. The only isotope where the vanishing persists in a relatively long range of angular momentum, is 228 Ra. For other nuclei mentioned above the vanishing takes place in 1-3 states. In Ref. [20] we interpreted the vanishing of the displacement function for a very short interval of J in a way which conciliate between the band intersection and static octupole deformation. Indeed, for such states it may happen that they could be obtained by projection from an octupole deformed state which is different from the chosen model state for the dipole bands. Moreover, from this deformed state one could generate, through the angular momentum projection procedure, another two bands which are deformed all along and intersect the dipole bands considered here for the mentioned angular momentum. In this respect one could assert that bands intersection does not exclude the octupole deformation settlement.
Since the decay properties of the states depend on the corresponding boson structure, we calculated the angle between the angular momenta carried by the two kind of bosons. The result is that for high angular momentum states, this angle approaches the value π/2. This value is reached first in the negative and then in the positive band. Exception is for 226 Ra and 238 U where the angles in the two bands go simultaneously to the limit value π/2. We expect that for these systems, by adding a coupling set of particles one could reach a chirally symmetric picture.
For the sake of a complete description of the dipole states of positive and negative parity, by using the eigenstates of the model Hamiltonian, the intra and interband transitions of electric as well as of magnetic nature have been calculated. Comparison with the experimental data is made in terms of the branching ratios of the negative parity states. Also, these are compared with those characterizing the negative parity band with K π = 0 − . Also the gyromagnetic factors for the two bands were calculated. One notices a strong dependence on angular momentum for the gyromagnetic factors.
Comparing the intraband B(M1) values obtained for the two dipole bands, one concludes that the strength of magnetic transitions in the band K π = 1 + is larger than that one associated with the band K π = 1 − . Due to this feature we say that the K π = 1 + band has a magnetic nature. Concerning the E1 transition to the parity partner band of to the g ± band, the strength order is changed. Therefore we say that the band K π = 1 − has an electric nature. It is worth mentioning the role of parity projection in determining the magnetic or electric nature of the two bands. Now let us say few words about the distinctive features of our formalism. The procedure is interesting not only because is able to describe a relatively large volume of data with a relatively small number of parameters, but also because it provides a consistent description of the rotational degrees of freedom. Indeed, all formalisms based on quadrupole and octupole boson interaction overestimate the contribution of the rotational degrees of freedom. That happens since in the intrinsic frame the Eulerian angles associated to the quadrupole and octupole coordinates are independent variables. Such a redundancy is automatically removed in the present formalism due to the projection operation. Another salient feature of the coherent state formalism consists of that it represents the ideal framework for the description of the semiclassical aspects of the collective motion. In particular, it provides a suitable description for the high spin states, where the nuclear system behaves semiclassically, as well as for the quadrupole and octupole deformed systems.
Moreover, the mechanism for a static octupole deformation is different [14] from the traditional one where a fourth order octupole boson term is necessary [37] . As explained in Ref. [14] , in our formalism a second order octupole boson term is sufficient for obtaining a stable octupole deformed shape.
An octupole shaped system may have nonvanishing electric dipole moment. Also, due to the fact that the angular momentum is built up by both quadrupole and octupole bosons, one expects that the magnetic properties in a given state depend on its boson composition. Such properties may show up in dipole bands. Up to now, the set on of the octupole deformation was associated with a jump in the dipole matrix element J − → (J − 1) + g (see the case of 226 Ra), where J − belongs to the band 0 − . We pointed out that the positive parity state having static octupole deformation (the value of J where the energy displacement function vanishes) exhibits large M1 branching ratio to the ground band.
Before closing this section, we want to comment on the nature of the excited bands. Many authors believe that the states of non-vanishing K cannot be of collective nature. To give an example, the authors of Ref. [27] invoke the arguments from Ref. [38] and interpret the dipole states of negative parity in 172 Yb, as two quasi-neutron states. On the other hand, based on microscopic studies with surface delta interaction, the authors of Ref. [39] , concluded that the K π = 1 − , 2 − bands of some actinides have, however, a collective nature. Actually, this is not the only example in the literature when one proves that the microscopic interpretation of the negative parity states, as two or four quasiparticle states is not unique. Indeed, the double bending, one back and one forward, seen in the ground and 0 − bands of 218 Ra, interpreted in Ref. [40] as caused by successive intersections of a collective band, a two neutron and a two neutron plus two proton quasiparticle bands, are fairly well reproduced by the phenomenological description provided by ECSM [9] . Although the dipole states for 172 Yb are considered in Ref. [27] as two quasi-neutron states, the branching ratios of the K π = 0 − , 1 − low lying states are realistically described within an IBA-sdf formalism in Ref. [41] . Moreover, as we have already shown, the present paper provides also a good description of the electric transitions in this nucleus. In the examples mentioned above the effect of single particle degrees of freedom is simulated by the competition between various anharmonic terms involved in the model Hamiltonian or in the transition operator. More experimental data regarding both the excitation energies and transition probabilities in the dipole bands, would be a decisive test for the predictable power of our formalism.
VI. APPENDIX A
Here we shall list the explicit expressions for the norms of all projected states defined in the previous sections. The norm of the states obtained by projecting out the angular momentum and the parity from the octupole boson coherent state, has the expression:
where I (±) stands for the overlap functions:
with P J (x) denoting the Legendre polynomial of rank J. The norms of the dipole states are expressed in terms of norms characterising the projected states associated to the quadrupole and octupole state factors:
The standard notation for the Clebsch-Gordan coefficient C j1J2j m1m2m has been used.
VII. APPENDIX B
Here we give the analytical expressions for the matrix elements of the terms involved in the model Hamiltonian. For what follows it is useful to introduce the notation:
(B.1)
The final results for the matrix elements are:
The transition operator involves an anharmonic term, T anh 1µ . Due to this component of the transition operator a given state from a dipole band can decay to a state from the ground band of opposite parity:
Taking for the E2 transition operator an harmonic form, the matrix elements describing the transitions within the dipole bands are:
The E3 operator
relates a dipole state with a state from the corresponding ground band.
The corresponding transition rate is compared with the octupole strength characterising the transition ϕ g,− → ϕ g,+ .
The dipole states may decay to the ground band states of similar parity, by means of the M1 transition operator defined by Eq. (4.4) . The nonvanishing matrix elements relating the dipole and ground band states are:
As usual the abbreviationĴ = √ 2J + 1 is used. When one deals with the angular momentum operator, the symbol " hat" suggests the operatorial character.
The M1 transitions within the dipole bands as well as the gyromagnetic factors of the dipole states were determined by restricting the transition operator to the lowest order boson terms:
The transition amplitudes are given by the reduced matrix elements:
Using these expressions one could calculate the gyromagnetic factors of the dipole states:
(C.11) 
